Abstract -In this paper we discuss conditioning of a discrete Schwarz method on piecewise-uniform meshes with an example of a one-dimensional singularly perturbed boundary-value problem. We consider a Dirichlet problem for singularly perturbed ordinary differential equations with convection terms and a small perturbation parameter ε. To solve the problem numerically we use an ε-uniformly convergent (in the maximum norm) difference scheme on special piecewise-uniform meshes. For this base scheme we construct a decomposition scheme based on a Schwarz technique with overlapping subdomains, which converges ε-uniformly with respect to both the number of mesh points and the number of iterations. The step-size of such special meshes is extremely small in the neighborhood of the layer and changes sharply on its boundary, that (as was shown by A.A. Samarskii) can generally lead to a loss of well-conditioning of the above schemes. For the decomposition scheme we study the conditioning of the system (difference scheme) and the conditioning of the system matrix (difference operator), and also the influence of perturbations in the data of the boundary-value problem on disturbances of its numerical solutions. We derive estimates for the disturbances of the numerical solutions (in the maximum norm) depending on the subdomain in which the disturbance of the data appears. It is shown that the condition number of the difference operator associated with the Schwarz method, just as for the base scheme, is not ε-uniformly bounded. However, these difference schemes are well-conditioned ε-uniformly (with the ε-uniform estimate for the condition number being the same as for the schemes on uniform meshes for regular problems) when the right-hand side of the discrete equations is considered in a "natural" norm, i.e., in the maximum norm with a special weight multiplier (that is, ε ln N for ε = O (ln N ) −1 in the neighborhood of the boundary layer, where N defines the number of mesh points). In the case of the boundary-value problem with perturbed data we give conditions under which the solution of the iterative scheme based on the overlapping Schwarz method is convergent ε-uniformly to the solution of this Dirichlet problem as the number of mesh points and the number of iterations increase.
Introduction
The difficulties are well known which arise when we find a numerical solution of singularly perturbed boundary-value problems, i.e., boundary-value problems for equations whose higher-order derivatives are multiplied by a small perturbation parameter ε (see, e.g., [2, 4, 8, 10, 12, 14] and also the bibliography therein). The errors of numerical solutions obtained with the use of traditional schemes turn out to be too large (compared with the exact solutions) for small values of the parameter (see, e.g., estimate (2eq.3.18a) in the case of problem (2.1), (2.2) for an ordinary differential convection-diffusion equation, Section 3). Therefore it is necessary to construct special numerical methods whose accuracy does not depend on the value of the parameter ε (i.e., ε-uniformly convergent methods). A number of such special methods use meshes which are condensed in a boundary layer (see the description of these methods, e.g., in [2, 10, 12, 14] ); the step-size of such meshes in the neighborhood of the boundary layer is much smaller than the parameter ε. In [10, 14] (see also the references in [10, 12, 14] ) piecewise uniform meshes with an abrupt change in the mesh-size are used; the mesh-size of such meshes is extremely small in the neighborhood of the boundary layers. These properties can lead to a high sensitivity of the numerical solution to computation errors, in particular, to a loss in conditioning of the difference scheme for small values of the parameter. As was shown by A.A. Samarskii [13] , even for regular boundary-value problems, the well-conditioning of a scheme fails on a nonuniform mesh when the ratio of the fine and coarse mesh sizes tends to zero.
In the case of the domain decomposition methods used for solving singularly perturbed problems, the convergence rate of the iterative process depends both on the parameter ε and on a big variety of parameters of the method and can be very small for the method to be of practical use (for example, the iterative process in the case of minimal overlapping subdomains converges, as the number n of iterations increases, at a rate O(q n ) of the geometrical progression with degree q 1 − m N −1 , where N defines the number of mesh points; see estimate (3.19) in Section 3). It can turn out that the solution of a decomposition scheme does not converge to the solution of the base scheme subject to decomposition as the number of mesh points and the number of iterations increase (see, for example, the results of Section 3, Subsection 3 in the case of the decomposition scheme (2.6), (3.8) 
for N, n → ∞).
The errors in the solutions by iterative methods due to a perturbation of the data can be accumulated and essentially distort the numerical solution (in the case of systems of linear equations see, e.g., [3] ).
For these reasons, in the case of singularly perturbed boundary-value problems it is of great interest to find conditions for the ε-uniform convergence of iterative methods (for N , n → ∞), and also to study the influence of the disturbances of the data on the behavior of the numerical solution. It is of interest to investigate the questions of the conditioning of iterative methods, namely, the conditioning of the system (the difference scheme) and the conditioning of the system matrix (i.e., a matrix associated with the difference scheme) (see [3, p. 389] ), in particular, the conditioning properties induced by the maximum vector-norm.
In the present paper we consider the first boundary-value problem for singularly perturbed ordinary differential equations with convective terms. To approximate the problem, we use a classical monotone finite difference scheme on special piecewise-uniform meshes condensing in a boundary layer [14] ; this (base) difference scheme converges ε-uniformly in the maximum norm. We study how the perturbations in the data of the boundary-value problem influence the behavior of numerical solutions of a scheme obtained by decomposition of the base scheme, in particular, for arbitrarily small values of ε.
It is shown that the condition number of difference operators (matrices of the system) for the decomposition schemes is ε-uniformly bounded (see Theorem 3.1, Section 3) on uniform or close to uniform meshes (schemes on such meshes do not converge ε-uniformly; see estimate (3.14a)). However, for ε-uniformly convergent schemes on piecewise uniform meshes the condition number of the difference operator (in the classical sense) is not ε-uniformly bounded (see Theorem 3.2) . This behavior of the condition numbers makes it difficult to apply the tools of linear algebra directly to the analysis of ε-uniformly convergent schemes (see, for example, Remark 3 to Theorem 3.2).
To analyze perturbed discrete problems, a new technique was proposed in [15] . When considering the perturbed difference operators, it is effective to use difference operators that are consistent with the original (subject to the perturbation) operators with respect to the perturbations (see, for example, Section 4 of the present paper and what follows; such consistent operators for the case of the base schemes were introduced in [15] ). Such a technique adopted here and extended to the overlapping Schwarz domain decomposition method allows us to obtain estimates for the perturbation of the discrete solution depending on what subdomain (in the boundary layer or outside it) the data of the boundary-value problem are subjected to a perturbation (see Theorem 4.1 for the base scheme and Theorem 6.1 for the decomposition scheme).
Thus, the ε-uniform sensitivity of the discrete solutions of both the base scheme and the decomposition scheme to the perturbation in the data of the differential problem is comparable in the layer and outside it and is the same as for regular problems in the case of uniform meshes. However, the essential "anisotropy" of sensitivity of the discrete solutions with respect to the perturbations of the data in the boundary-value problem on different subdomains is observed for small values of the parameter ε. Specifically, the sensitivity to the perturbation of the right-hand side (in absolute disturbances) is reduced in the boundary layer for small ε. The sensitivity to the perturbation of the coefficient multiplying the highest derivative in the differential equation is reduced outside the layer (see, for example, estimates (4.18), (6.5)).
It turns out that the difference scheme on a piecewise uniform mesh from [14] and the associated domain decomposition scheme are well-conditioned ε-uniformly. The ε-uniform estimate for the condition number of the difference schemes is the same as for regular problems if we consider the right-hand side of the discrete equation in the maximum norm weighted over the subdomains, that is, with a weight multiplier ε ln
) in the neighborhood of the boundary layer (see Remark 6 in Section 4 and estimates (4.19), (6.6)). Thus, the effect of losing the well-conditioning of a difference scheme when the stepsize of its mesh changes sharply, which was shown in [13] , does not occur for the scheme considered here and its decomposition when using special piecewise uniform meshes.
Taking into account the anisotropy with respect to the data perturbations over the subdomains, the estimates obtained for the deviation of the perturbed discrete solutions from the solution of the boundary-value problem (see Remarks 8 in Section 4 and 13 in Section 6) allows us to choose an appropriate accuracy for calculating the coefficients of the differential problem (and hence the accuracy of the solver) on different parts of the grid domain, and also the number of mesh points which ensure the required accuracy of the numerical solution.
In this paper, using a model problem in one dimension, we succeed in exposing the technique of the theoretical analysis of the conditioning of the Schwarz method (2.6), (2.5) based on constructions, which are sufficiently obvious for justification. The effects observed in the behavior of the perturbed discrete solutions, as well as the condition numbers of the discrete problems and of the difference operators, for the one-dimensional problem can be expected also in the case of special schemes for many-dimensional convection-diffusion problems.
The question of ill-conditioning (in the classical sense) of schemes on strongly nonuniform meshes has been touched in the literature; we mention [11] where the technique of "classical preconditioning" for special difference schemes was discussed. The perturbation of solutions of the ε-uniformly convergent difference scheme (scheme (2.4), (3.16)) for singularly perturbed boundary-value problems of the type (2.1), (2.2) under perturbation of the data in the differential and discrete problems was considered in [15] .
In the case of domain decomposition methods for singularly perturbed problems, the disturbance of solutions of ε-uniformly convergent schemes due to the perturbation in the data of the differential and/or discrete problems, and also conditioning of decomposition schemes were not considered previously.
About the contents. Problem formulation and motivation of research are given in Section 2. Some results concerning convergence of the base and decomposition schemes are shown in Section 3. Thus, the estimates for the solutions of discrete problems in the case of uniform and close to uniform meshes are considered in Subsections 1-3; the estimates for the solutions of ε-uniformly convergent schemes on special fitted meshes condensing in the boundary layer are discussed in Subsections 4-5. In Sections 5 and 6 we study the perturbations of the solutions of the decomposition scheme (problem (2.6)); the problem is considered on special meshes. In Section 5 we study admissible perturbations of the data of the boundary-value problem under which the properties of the discrete problems subject to the perturbation remain valid. The estimates for the condition numbers of the schemes are considered in Section 6. For convenience of the reader, a number of results for the base scheme from [15] is given in Section 4.
Remark 1.
When investigating the perturbations of discrete solutions and the conditioning of the Schwarz method, we use the concept of the consistency of perturbed and unperturbed difference operators introduced in [15] . As in the case for the base scheme, the perturbations in the coefficients of the differential problem result in the perturbation of the coefficients in the difference operator. The requirement that the perturbed difference operator be monotone and have the properties the same as the base operator of the unperturbed difference problem (i.e., the requirement of the consistency of perturbed and unperturbed difference operators) defines admissible restrictions on the magnitude of the perturbations in the data of the differential problem. A similar approach turns out to be effective also in the conditioning analysis for domain decomposition schemes. When studying the conditioning of the decomposition schemes, we give some estimates for the discrete problems in Section 3 only for a convenience of further references; for more "interesting" equations the results of the similar type, but not related to the conditioning of numerical schemes, can be found, e.g., in [5] [6] [7] 16 ].
Problem formulation. The aim of research
We consider problems which arise in the numerical solution of singular perturbed equations with convective terms at the following stages: (a) the construction of ε-uniformly convergent finite difference schemes, i.e., the base scheme and the domain decomposition method; (b) the determination of conditions for perturbations of the data of the boundary-value problem under which the perturbation of a numerical solution tends to zero (as the number of mesh nodes increases) ε-uniformly.
1. For simplicity, we consider a singularly perturbed ordinary differential equation
Here We approximate problem (2.1), (2.2) by a classical difference scheme [13] . To this end, on D we introduce the mesh
where ω 1 is a mesh with any distribution of its nodes satisfying only the condition
; h is the maximal step size of the mesh
is the number of nodes in the mesh ω 1 . On this mesh, problem (2.1) is approximated by the difference (base) scheme
where the second-order centered difference operator δ x x is defined by
), δ x and δ x are the forward and backward difference operators, cf. [13] .
The following discrete maximum principle [13] is valid for scheme (2.4), (2.3).
2. In this subsection we describe a discrete Schwarz method for problem (2.4), (2.3) in the case of two overlapping subdomains of D: 
Then we assume
we call the function z
. ., the solution of difference scheme (2.6), (2.5), i.e., the iterative discrete Schwarz method (or the iterative difference scheme of the domain decomposition method).
For n → ∞ the solution of problem (2.6), (2.5), (2.3) converges to the stationary solution, which is the solution of the problem
h , r = 1, 2 are components of the solution for problem (2.7), (2.3), i.e., the difference (noniterative) scheme of the overlapping domain decomposition method.
For the difference schemes (2.6), (2.5), (2.3) and (2.7), (2.5), (2.3), the following variants of the maximum principle are valid.
3. Let us state the aim of the research. An algebraic approach (see, for example, [1, 3] ) is very attractive for the study of approximations to problem (2.1), (2.2) . In the case of uniform meshes the discrete problems (2.4), (2.3) and (2.7), (2.3) are well conditioned ε-uniformly. Moreover, solutions of the iterative method (2.6), (2.5) provided that
, which is not so restrictive condition (see (3.13a)) for the width of the overlapping region, converge ε-uniformly (in the maximum norm) to the solution of the "stationary" discrete problem (2.7), (2.3) (and also to the solution of the base scheme (2.4), (2.3)) for n → ∞. That is, the rate of convergence of the functions z n (x) to z(x) does not depend on the value of the parameter ε (see Theorem 3.1; recall that l is the width of the overlapping region, n is the number of an iterate). However, the discrete solutions of problem (2.4), (2.3) converge (on uniform meshes) to the solution of problem (2.1), (2.2) in the maximum norm only under the condition N −1 ε, which is too restrictive for singularly perturbed problems.
That is why, in order to provide ε-uniform convergence of the solutions of scheme (2.4), (2.3), we apply fitted meshes which are a priori adapted to the boundary layer. To solve problem (2.1), (2.2) we use a special piecewise uniform mesh, which is the simplest of meshes (condensed in the neighborhood of the boundary layer) on which the solution of the difference scheme (2.4) converges (in the maximum norm) to the solution of the boundaryvalue problem ε-uniformly. The condition numbers for the difference operator Λ (2.4) on such meshes are not bounded ε-uniformly (see Theorem 3.2). For regular problems large condition numbers lead, in general, to an increased sensitivity of numerical solutions to perturbations of the data (see, e.g., [1, 3] ).
Therefore, it is urgent to study how perturbations in the data of boundary-value problems influence disturbances of solutions of decomposition schemes.
Our aim is to investigate the conditioning of the Schwarz method based on the ε-uniform convergent (in the maximum norm) difference scheme, and also the influence of perturbations in the data of the boundary-value problem on the disturbances of its discrete solutions.
Auxiliary constructions
1. To analyze discrete problems (2.4), (2.3) and (2.6), (2.3) we will use the tools of linear algebra together with the theory of difference schemes.
We write the left-hand side of discrete equations (2.4) in the canonical form (see, e.g., [13] )
where q ij can be written in terms of the coefficients a(
Then we write the difference scheme (2.4), (2.3) as a system of algebraic equations. Let an (N + 1)-dimensional vector y correspond to the N + 1 components of z(x), x ∈ D h . After the ordering of the elements z(x), x ∈ D h , we come to the matrix system
Here A is a tridiagonal (N + 1) 2. When investigating problems (2.6), (2.5), (2.3) and (2.7), (2.5), (2.3), we will operate with suitable "extended" functions on "extended" domains. Let the set D e be generated by disconnected sets D (1) and D (2) * , where
(2.5) on the distance 1 + l (2.5) to the right 
is the number of nodes in the mesh
D e h , N e = N (1) + N (2) = N + N γ . Let v(x), x ∈ D h be some function. Using the function v(x), we construct the extended function v e (x), x ∈ D e h by assuming v e (x) = v e (x; v(·)) = v(x), x ∈ D (1) h , v(x − 1 − l), x ∈ D (2) * h ; x ∈ D e h .
(3.4)
We now write problem (2.7), (2.3), but for the extended functions, in the following canonical form:
(3.5a)
, N
(1)
), i ∈ I 1 as well as the functions a(x), b(x) to be the data of a continual problem, viz., the continual domain decomposition method on the overlapping subdomains D (1) and D (2) with Dirichlet interface conditions. On the boundary Γ e h the function z e (x) takes the prescribed values
The difference equations (3.5a) (equation (2.7)) can also be written in the following form:
We write the difference scheme (3.5), (3.3) 
ii , i − 1 ∈ I 1 , and with two additional elements a
where is the matrix norm induced by the maximum vector-norm · .
On the meshes
where ω 1 = ω 1(2.3) , whose nodes satisfy the condition min i h
, in particular, on the uniform mesh
. Thus, for the condition numbers ae(A) and ae(A e ) of the matrices A (3.2) and A e (3.6) , where ae(A) = ae
, in the case of meshes D h(3.7) we obtain the estimates
As n → ∞ (for fixed N , ε), the solution of the iterative process (2.6) converges to the solution of the stationary problem (2.7) (or, shortly, the iterative process (2.6) converges) in the maximum norm at a rate of the geometric progression, that is,
In the case of mesh (3.8) we obtain the estimate
where m is any number from the interval (0, 
Estimate (3.12) for q is unimprovable with respect to the values of N , ε, lN .
The discrete solution z n (x) of the decomposition scheme (2.6), (3.8), generally speaking, does not converge for N, n → ∞ (for example, for n = N in the case
is necessary and sufficient for the following estimate to be satisfied on meshes (3.7), (3.8):
For the solutions of problems (2.4), (3.8) and (2.6), (3.8) we have the (unimprovable) estimates
The condition
is necessary and sufficient for the convergence of the solutions of problems (2.4), (3.8) (for N → ∞) and (2.6), (3.8) (for N, n → ∞) to the solution of problem (2.1), (2.2). The following theorem is valid. 4. In this subsection we construct special fitted meshes which are condensing in the boundary layer region. The difference scheme (2.4) on such meshes converges ε-uniformly.
On the set D we introduce the mesh
where ω (1) and h (2) are its step-sizes on [0, σ] and [σ, d], respectively, defined by h (1) 
m is an arbitrary number from the interval (0, m 
which is unimprovable with respect to ε, N . Remark 3. In the case of ε-uniformly convergent schemes on piecewise uniform meshes the coefficients of the operator Λ (3.1) (the elements of the matrices A (3.2) , A e (3.6) ) and also the numbers ae(A), ae(A e ) grow without bound for ε → 0. Therefore, the direct use of ae(A), ae(A e ) in the analysis of the ε-uniform stability of numerical solutions does not allow us to obtain ε-uniform estimates for the solution disturbances with respect to disturbances of the data of problem (2.4), (3.16) (problems (3.2), (3.16) and (3.6), (3.16)).
5. When analyzing the iterative method (2.6), (3.16), for simplicity we assume the following condition to be satisfied:
which ensures the uniformity of mesh (3.16) on the overlapping region D
(1) ∩ D (2) .
In this case, for the solutions of iterative process (2.6), (3.16) we obtain the estimate
moreover, for the value q we have
where (2.5) ; the estimate is unimprovable with respect to N, ε, l.
Note that q = q(N, ε, l), depending on the parameters, can be arbitrarily close to 1. However, q is bounded (ε, l)-uniformly; we have the (ε, l)-uniform estimate
which is unimprovable with respect to the value of N ; generally speaking, the solutions of scheme (2.6), (3.16) do not converge to the solution of scheme (3.6), (3.16) 
which is equivalent to the condition
is necessary and sufficient for the following estimate to be satisfied on mesh (3.16):
The solutions of problem (2.4), (3.16) and of the iterative problem (2.6), (3.16) satisfy the (unimprovable) estimates
The solutions of problems (2.4), (3.16) (for N → ∞) and (2.6), (3.16), (3.20a) (for N, n → ∞) converge to the solution of problem (2.1), (2.2) ε-uniformly. However, if condition (3.20a) fails, the solution of problem (2.6), (3.16) , in general, does not converge to the solution of problem (2.1), (2.2) for N, n → ∞, i.e., under the violation of condition (3.20a) the convergence is not unconditional (with respect to N, n). 4. Grid approximations of the boundary-value problem (2.1), (2.2) in the case of the disturbance of its data
In this section we show some results from [15] , which are used in the constructions in Sections 5 and 6. 1. For the analysis of problem (2.4), (3.16) it is convenient to consider the set D h as a union of several subsets. Let
where
The coefficients q ij (3.1) of the difference scheme depend on the functions a(x), b(x), x ∈ D. Let the coefficients q ij , i = 1, . . . , N − 1, j = i − 1, i, i + 1 and the functions  f (x), x ∈ D h , ϕ(x) , x ∈ Γ h in equations (2.4), (3.1) take some disturbed values q * ij , f * (x), ϕ * (x), respectively. Then the difference scheme (2.4), (3.16) and problem (3.2) transform respectively into the perturbed difference scheme
and into the perturbed problem
For further constructions it will be convenient to group together the terms of the difference scheme (4.2), (3.16) and to write the operator Λ * in the following form, using the unknown function and its differences δ x x , δ x :
We confine our consideration to the case where the perturbed coefficients q * ij are generated by the perturbed functions a * (x), b * (x), which correspond to the functions a(x), b(x), x ∈ D h , and so there are no other disturbances of q ij , except these ones.
In the case of the disturbances of scheme (2.4), (3.16) which are caused by disturbances of the data of problem (2.1), (2.2), the quantities q * ij , i.e., the perturbed values of the quantities
For the disturbances we use the notations 
it follows that the solutions of the perturbed difference scheme (4.2), (3.16) converge ε-uniformly to the solution of the boundary-value problem (2.1), (2.2). So, in the case of estimate (3.21a) we have
2. We now give some estimates for the disturbances of the data of scheme (4.2), (3.16), which are generated by the disturbances of the data of boundary-value problem (2.1), (2.2).
2.1. For the coefficients of the operators Λ (4.4) and Λ * (4.2) we obtain the estimates 
for the coefficients of the operator Λ (4.4) we have the estimate .2), is the solution of the difference scheme
here z(x), x ∈ D h is the solution of problem (2.4), (3.16).
3. Before we proceed to the further study of problem (4.2), (3.16) (problem (4.10), (3.16)), we consider the simpler difference scheme
Here the main part of the operator Λ (4.12) in the discrete equations is the operator Λ p (4.4) , i.e.,
where 
Let condition (4.7) hold for problem (4.11), (3.16), which ensures the proper structure of the operator Λ (4.4) , and also let the following condition be valid: Under conditions (4.7), (4.13a) the solution of scheme (4.11), (3.16) satisfies the estimate 13b) ). 4 . In this subsection we consider the conditioning of the difference scheme (4.2), (3.16) obtained from scheme (2.4), (3.16) under disturbance of the data of the boundary-value problem (2.1), (2.2). We first study the conditioning of the difference scheme (4.11), (3.16).
4.1. To estimate the solution of scheme (4.11), (3.16), it is convenient to measure the function
e., the right-hand side of the discrete equations, in the special weight norm
Then estimate (4.14) takes the form
Thus, the difference scheme (4.11), (3.16) (scheme (4.2), (3.16)) can be regarded as a transformation which translates the discrete space with the norm · (maximum grid norm) into a discrete space endowed with the special norm · S (4.15) , and so the quantity ae S can be considered as the condition number of such a "transformed" problem.
4.2. Estimate (4.14) (unimprovable with respect to ε, N ) and the following estimate
imply the required estimates for the quantities ae S ( Λ (4.12) ) and ae
Sk
( Λ (4.12) ), where
are the fractional condition numbers for problem (4.11), (3.16) . We thus have the following estimates:
These estimates for ae
S , ae
Sk are unimprovable with respect to ε, N .
Lemma 4.3 [15] . Let the disturbances a Remark 5. In the case of scheme (4.11), (3.16) a small relative disturbance of the right-hand side and the boundary conditions in the special norm (i.e., the small quantity f
) causes (stipulates) a small relative disturbance of the solution of the difference scheme in the maximum discrete norm (i.e., the smallness of the quantity ω
. Thus, the difference scheme (4.11), (3.16) , in the case of the special norm, is well conditioned ε-uniformly; the conditioning of the difference scheme differs essentially over the subsets D , respectively, we obtain
Here v
; note that (η (4.13) (x; ε, N ))
). The solution of the difference scheme (4.17), (3.16) satisfies the estimate
for the condition number of the discrete operator Λ Under conditions (4.7), (4.13a) the following estimate holds for the solutions of scheme (4.10), (3.16):
For the condition numbers of the difference scheme (4.10), (3.16) (scheme (4.2), (3.16)), in the case of the special norm we have the estimates (3.16) is similar to estimate (3.9), which is the estimate for ae (A) = ae Λ (2.4) ; D h (3.7) .
Under conditions (4.7), (4.13a), and also the condition 
and h (2) , h (3.5) , g ij (3.5) of the difference scheme (3.5), (3.3) depend on the functions a(x), b(x), x ∈ D, and also g(x) (3.5) . Let the coefficients q 
where k = k (3.5) (i, j), j(i) = j (3.5) (i), and into the perturbed problem We group the terms in the difference scheme (5.2), (3.16) and write the operator Λ e * (5.2) in terms of the derivatives δ x x and δ x as follows: ) we use the notation:
). 2. We deduce some estimates for the disturbances of the data of scheme (5.2), (3.3) , (3.16) , which are generated by the disturbances of the data of the boundary-value problem (2.1), (2.2).
2.1. Using the explicit form for the coefficients of the operators Λ 
In this case, by virtue of estimate (5.4), we have the estimate 
η(x) = {ε .7) ) is fulfilled.
3. We examine the existence of the solution of the perturbed difference scheme. Together with problem (5.2), (3.16) we consider a scheme which has the common with this problem operator Λ ep (5.3) as the main term in the discrete equations
where The consideration of model examples shows that in the case of condition (5.5), if the following condition holds: 
10) In Section 6 we determine conditions which ensure the (ε, N )-uniform boundedness of the solutions of scheme (5.2), (3.16) . Note that the function z eδ (x), x ∈ D h , by virtue of (3.5) and (5.2), is the solution of the difference scheme g(x) . Then the solution of problem (5.14), (3.16) exists. Let also at least one of the following conditions be valid: 3) ), and also let the following condition be satisfied: 4.3. When conditions (5.5), (5.16a) are valid, the solution of the difference scheme (5.14), (3.16) satisfies the estimate (this fact is established with using the majorant function technique; see, e.g., [9, [12] [13] [14] ): 6. On conditioning of the difference scheme (5.2), (3.16) We consider the conditioning of the difference scheme (5.2), (3.16) obtained from scheme (3.5), (3.16) under disturbance of the data of the boundary-value problem (2.1), (2.2).
1. As a preliminary, we investigate the conditioning of the difference scheme (5.14), (3.16).
1.1. To estimate the solution of scheme (5.14), (3.16) , it is convenient to measure the function
h , i.e., the right-hand side of the discrete equations, in the special weight norm · S e :
Then estimate (5.17) takes such a form
h . Thus, the difference scheme (5.14), (3.16) (scheme (5.2), (3.16)) can be regarded as a transformation which translates the discrete space with the maximum norm · to a discrete space endowed with the special norm · S e , and so the quantity ae S e is considered as the condition number for this transformation.
1.2. Estimate (5.17) and the following estimate
imply the required estimates for the condition numbers ae S e ( Λ 
The estimates for ae S e , ae S e k are unimprovable with respect to ε, N, l. In the case of scheme (5.14), (3.16) a small relative disturbance of the right-hand side and the boundary conditions in the special norm (i.e., the small quantity f
, where
14) (x)) in the case of condition (5.16a) causes (stipulates) a small relative disturbance of the solution of the difference scheme in the maximum discrete norm (i.e., the smallness of the quantity ω
14) (x)). Thus, the difference scheme (5.14), (3.16) , in the case of the special norm, is well-conditioned ε-uniformly; the conditioning of the difference scheme differs essentially over the subsets D Remark 11. Having in mind estimate (5.17), i.e., the dependence of the solution of the difference scheme (5.14), (3.16) on the right-hand side F δ (x), x ∈ D h , it seems appropriate to write the difference scheme (5.14), (3.16) such that the solution of the difference scheme depends on the right-hand side " identically" on the subsets D , respectively, we obtain
3) The condition numbers of the operator Λ (3.7) .
In the case of condition (6.4) and also the condition Remark 15. The technique given in the paper allows us to investigate the conditioning of the Schwarz method, as well as the influence of perturbations in the data of the boundaryvalue problem on the disturbances of its discrete solutions, in the case of a boundary-value problem for the equation
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